Abstract. The Noetherian type of a space X, N t(X), is the least cardinal κ such that X has a base B such that |{B ′ ∈ B : B ⊂ B ′ }| < κ for each B ∈ B.
Definition 1. Let X be a topological space.
(1) The Noetherian type of X, N t(X), is the least cardinal κ such that X has a base B such that |{B ′ ∈ B : B ⊂ B ′ }| < κ for each B ∈ B. (2)The local Noetherian type of a point x in X, χN t(x, X), is the least cardinal κ such that x has a local base B in X such that |{B ′ ∈ B : B ⊂ B ′ }| < κ for each B ∈ B. The local Noetherian type of a space X, χN t(X), is defined by the formula χN t(X) = sup{χN t(x, X) : x ∈ X}.
For a topological space X, let X δ denote the space obtained by declaring the G δ -sets to be open.
Theorem 2 (Spadaro).
(GCH) Let X be a compact space such that N t(X) has uncountable cofinality.
He asked what happens if N t(X) has countable cofinality or if we drop GCH. Since Milovich, [2] , proved that if X is compact dyadic homogeneous space then N t(X) = ω, Theorem 2 does not apply to the Cantor cubes. However Milovich also proved that N t(2 κ δ ) = ω 1 for κ < ℵ ω . So the simplest unsettled case remained κ = ℵ ω .
Spadaro formulated the following question:
Theorem 4 (Milovich) . If ℵω holds and
We prove the following result:
is the following statement: For any structure A = (A, U, . . . ) of countable signature with |A| = κ, U ⊆ A and |U | = λ, there is an elementary substructure In [1] , a model of ZFC + GCH + Chang's Conjecture for ℵ ω , i.e. (ℵ ω+1 , ℵ ω ) ։ (ℵ 1 , ℵ 0 ), was constructed starting from some quite strong large cardinal assumption.
Theorem 5 will follow easily from Theorem 6 below.
Proof of Theorem 6. Assume on the contrary that D is cofinal, but |D ∩ P(A)| ≤ ω for each A ∈ ℵ ω ω .
Let us fix an enumeration {a α :
is an bijection between a α \ a β and an initial segment of ω, and consider the structure:
where ≤ is the natural ordering on ℵ ω+1 . By (4) and since ω is definable in A, we can express "a α \ a β is infinite" as a formula ϕ(α, β) in the language of A. Now, applying the Chang's conjecture for A with A = ℵ ω+1 and U = ℵ ω , we obtain elementary substructure
Proof of the Claim. By (3) and elementarity of A ′ , every initial segment of A ′ can be mapped into U ′ injectively and hence countable. Since |A ′ | = ℵ 1 , it follows that otp(A ′ ) = ω 1 .
Claim 6.2. For any α < ℵ ω+1 , there is γ < ℵ ω+1 such that a γ \ a β is infinite for every β < α.
Proof of the Claim. Since |α| ≤ ℵ ω , we can find a partition {I n : n ∈ ω} of α such that |I n | < ℵ ω for every n < ω. For n < ω, let
and let γ < ℵ ω+1 be such that a γ = {η n : n ∈ ω}. For any β < α, if β ∈ I m for some m < ω, then we have a β ∩ a γ ⊆ {η n : n < m}. Thus this γ is as desired.
Claim 6.3. For any countable I ⊆ A ′ , there is γ ∈ A ′ such that a γ \ a β is infinite for every β ∈ I.
Proof of the Claim. By Claim 6.1, there is α ∈ A ′ such that I ⊆ α. By elementarity of A ′ , the formula with the parameter α expressing the statement of Claim 6.2 for this α holds in A ′ . Hence there is some γ ∈ A ′ such that a γ \ a β is infinite for every β ∈ A ′ ∩ α.
After this preparation we are ready to proof Theorem 6. Let
Hence, by 6.3, there is γ ∈ A ′ such that a γ \ a β ′ is infinite for every β ′ ∈ I. Consider the ordinal β = f (γ). Then a γ \ a β should be infinite because β = f (γ) ∈ I. On the other hand, a β = a f (γ) ⊃ a γ , so a γ \ a β = ∅. This contradiction proves the theorem.
Proof of Theorem 5. We show that χN t(x, 2 ℵω δ ) = ω 2 for each x ∈ 2 ℵω . Assume to the contrary that x has a local base B in X such that 
